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1 Introduction
Recent developments in virtual product development aim at including unavoidable stochastic effects
into the analysis at a very early stage. One of the major sources of uncertainty in the structure is due to
spatial variability of material properties (such as e.g. material strength). This may be due to inherent
inhomogeneities of the materials being used, or due to process variation during the manufacturing of
the components. Another important factor is the variability of geometrical parameters (such as e.g.
layer thickness). Again, process variation may be an important factor leading to this variability.
Cost-optimal probabilistic design requires to take into account the unavoidable uncertainties of design
parameters and loads. This can be visualized by considering the simple constrained optimization
problem as sketched in the figure below:

Figure 1: Constrained optimization problem with randomness in design and constraints

The major sources of uncertainties or stochastic scatter are:
•

Uncertainty of design variables. This means that the manufacturing process is unable to achieve
the design precisely. The magnitude of such uncertainty depends to a large extent on the quality
control of the manufacturing process.

•

Uncertainty in the objective function. This means that some parameters affecting the structural
performance are beyond the control of the designer. These uncertainties may be reduced by a
stringent specification of operating conditions. This may be possible for some systems, but is
typically not feasible systems subjected to environmental loading which cannot be controlled.
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•

Uncertainty of the feasible domain. This means that the admissibility of a particular design (such as
its safety or serviceability) cannot be determined deterministically. Such problems are at the core
of probability-based design as mentioned above.

In many cases be the uncertainties as listed above have substantial spatial variation, and can hence be
conveniently described by random fields. Such random fields allow for a far more subtle characterization
of structural randomness than simple random variables. This is due to the fact that spatial correlation
structures can be accounted for in the stochastic model.
In many cases, the final design needs to be chosen such as to provide the best possible trade-off
between production cost and failure cost as shown in the figure.

Figure 2: Cost factors governing the design and cost-optimal reliability level (failure probability)

It is the purpose of this report to discuss the fundamental methods for random variables and random
fields required to carry out cost-optimal probabilistic design of SOFC.

2 Reliability Assessment
Reliability assessment requires the estimation of probabilities of failure, which, in general, are of rather
small magnitude. Moreover, structural failure is most typically assessed by means of non-linear, possibly
time-variant analyses of complex structural models. In such cases the computational cost incurred for
one single analysis—to decide whether or not a structure is safe—may become quite demanding.
Consequently, the application of direct (or even advanced) Monte Carlo simulation—being the most
versatile solution technique available—is quite often not feasible. It has been suggested to utilize the
9/4/2017
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response surface method for structural reliability assessment Rackwitz (1982), C. Bucher and Bourgund
(1990), C. Bucher and Macke (2005) in order to reduce computational costs.
Let us assume that the reliability assessment problem under consideration is governed by a vector 𝐗 of
𝑛 basic random variables 𝑋𝑖 (𝑖 = 1,2, … , 𝑛), i.e.,
𝐗 = (𝑋1 , 𝑋2 , … , 𝑋𝑛 )′
where (⋅)′ is transpose. Assuming furthermore that the random variables 𝐗 have a joint probability
density function 𝑓(𝐱), the probability of failure 𝑃(ℱ)—i.e., the probability that a limit state will be
reached—is defined by
𝑃(ℱ) = ∫

𝑓 (𝐱)d𝐱

𝑔(𝐱)≤0

whereby 𝑔(𝐱) is the limit state function which divides the 𝑛-dimensional probability space into a failure
domain ℱ = {𝐱: 𝑔(𝐱) ≤ 0} and a safe domain 𝒮 = {𝐱: 𝑔(𝐱) > 0}. As already mentioned above, the
computational challenge in determining the integral above lies in evaluating the limit state function
𝑔(𝐱), which for non-linear systems usually requires an incremental/iterative numerical approach. The
basic idea in utilizing the response surface method is to replace the true limit state function 𝑔(𝐱) by an
approximation 𝜂(𝐱), the so called response surface, whose function values can be computed more
easily.
In this context, it is essential to realize that the limit state function 𝑔(𝐱) serves the sole purpose of
defining the bounds of integration. As such, it is quite important that the function 𝜂(𝐱) approximates
this boundary sufficiently well, in particular in the region which contributes most to the failure
probability 𝑃(ℱ). As an example, consider a 2-dimensional problem with standard normal random
variables 𝑋1 and 𝑋2 , and a limit state function 𝑔(𝑥1 , 𝑥2 ) = 3 − 𝑥1 + 𝑥2 . In Figure 3 the integrand in the
failure domain is displayed. It is clearly visible, that only a very narrow region around the so-called
design point 𝐱 ∗ really contributes to the value of the integral, i.e., the probability of failure 𝑃(ℱ). Even a
relatively small deviation of the response surface 𝜂(𝐱) from the true limit state function 𝑔(𝐱) in this
region may therefore lead to significantly erroneous estimates of the probability of failure. In order to
avoid this type of error, it must be ensured that the important region is sufficiently well covered when
designing the response surface.

9/4/2017
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Figure 3: Integrand for calculating the probability of failure

Figure 4: Limit state surface

The response surface method has been a topic of extensive research in many different application areas
since the influential paper by Box and Wilson in 1951 Box and Wilson (1951). Whereas in the formative
years the general interest was on experimental designs for polynomial models (see, e.g., Box and Wilson
(1951), Box and Draper (1959)), in the following years non-linear models, optimal design plans, robust
designs and multi-response experiments—to name just a few—came into focus. A fairly complete
review on existing techniques and research directions of the response surface methodology can be
found in Hill and Hunter (1966), Mead and Pike (1975), Myers, Khuri, and W. H. Carter (1989), Myers
(1999). However, traditionally the application area of the response surface method is not structural
engineering, but, e.g., chemical or industrial engineering. Consequently, the above mentioned special
requirement for structural reliability analysis—i.e., the high degree of accuracy required in a very narrow
region—is usually not reflected upon in the standard literature on the response surface method Box and
Draper (1987), Khuri and Cornell (1996), Myers and Montgomery (2002).
9/4/2017
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One of the earliest suggestions to utilize the response surface method for structural reliability
assessment was made in Rackwitz (1982). Therein, Lagrangian interpolation surfaces and second-order
polynomials are rated as useful response surfaces. Moreover, the importance of reducing the number of
basic variables and error checking is emphasized. Support points for estimating the parameters of the
response surface are determined by spherical design. In Wong (1985) first-order polynomials with
interaction terms are utilized as response surfaces to analyze the reliability of soil slopes. The design
plan for the support points is saturated—either by full or by fractional factorial design. Another analysis
with a saturated design scheme is given in C. Bucher and Bourgund (1990), where quadratic polynomials
without interaction terms are utilized to solve problems from structural engineering. Polynomials of
different order in combination with regression analysis are proposed in Faravelli (1989), whereby
fractional factorial designs are utilized to obtain a sufficient number of support points. The validation of
the chosen response surface model is done by means of analysis of variance.
In Ouypornprasert, Bucher, and Schuëller (1989) it has been pointed out that for reliability analysis it is
most important to obtain support points for the response surface very close to or exactly at the limit
state 𝑔(𝐱) = 0. This finding has been further extended in Kim and Na (1997; Zheng and Das 2000). In
Brenner and Bucher (1995) the response surface concept has been applied to problems involving
random fields and non-linear structural dynamics. Beside polynomials of different order, piecewise
continuous functions such as hyperplanes or simplices can also be utilized as response surface models.
For the class of reliability problems defined by a convex safe domain, secantial hyperplane
approximations such as presented by Guan and Melchers (1997), Roos, Bucher, and Bayer (2000) yield
conservative estimates for the probability of failure. Several numerical studies indicate, however, that in
these cases the interpolation method converges slowly from above to the exact result with increasing
number of support points. The effort required for this approach is thereby comparable to Monte Carlo
simulation based on directional sampling Bjerager (1988).
It should be emphasized that in the following the discussion will be focused on the mathematical
representation of the limit state functions. An alternative way is the choice of approximate and typically
simple physical models representing the behavior of complex structures near failure. Such a method is
the so-called Model Correction Factor Method as developed by Ditlevsen and his co-workers Ditlevsen
and Madsen (2005), Franchin, Ditlevsen, and DerKiureghian (2002). This method is particularly attractive
if the failure mechanisms of a complex structure can be well approximated by simple mechanical models
(e.g. plastic hinge theory or simila).

3 Response surface models
3.1 Basic formulation
Response surface models as discussed here are more or less simple mathematical models which are
designed to describe the possible experimental outcome (e.g., the structural response in terms of
9/4/2017
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displacements, stresses, etc.) of a more or less complex structural system as a function of quantitatively
variable factors (e.g., loads or system conditions), which can be controlled by an experimenter.
Obviously, the chosen response surface model should give the best possible fit to any collected data. In
general, we can distinguish two different types of response surface models: regression models (e.g.,
polynomials of varying degree or non-linear functions such as exponentials) and interpolation models
(e.g., polyhedra).
Let us denote the response of any structural system to a vector 𝐱 of 𝑛 experimental factors or input
variables 𝑥𝑖 (𝑖 = 1,2, … , 𝑛), i.e., 𝐱 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 )′ , by 𝑧(𝐱). In most applications it is quite likely that
the exact response function will not be known. Therefore, it has to be replaced by a flexible function 𝑞(⋅
) which will express satisfactorily the relation between the response 𝑧 and the input variables 𝐱. Taking
into account a (random) error term ɛ, then the response can be written over the region of
experimentation as
𝑧 = 𝑞(𝜃1 , 𝜃2 , … , 𝜃𝑝 ; 𝑥1 , 𝑥2 , … , 𝑥𝑛 ) + ɛ
whereby 𝜃𝑗 (𝑗 = 1,2, … , 𝑝) are the parameters of the approximating function 𝑞(⋅). Taking now
expectations, i.e.,
𝜂 = E[𝑧]
then the surface represented by
𝜂 = 𝑞(𝜃1 , 𝜃2 , … , 𝜃𝑝 ; 𝑥1 , 𝑥2 , … , 𝑥𝑛 ) = 𝑞(𝜃; 𝐱)
is called a response surface. The vector of parameters 𝜃 = (𝜃1 , 𝜃2 , … , 𝜃𝑝 )′ has to be estimated from the
experimental data in such a way that the mean value is fulfilled. In the following we will investigate the
most common response surface models and the methods to estimate their respective parameters.

3.2 Linear models and regression
Let us assume that an appropriate response surface model 𝑞(⋅) has been chosen to represent the
experimental data. Then, for estimating the values of the parameters 𝜃 in the model, the method of
maximum likelihood can be utilized. Under the assumptions of a Gaussian distribution of the random
error terms ɛ, the method of maximum likelihood can be replaced by the more common method of least
squares Box and Draper (1987). In the latter case the parameters 𝜃 are determined in such a way, that
the sum of squares of the differences between the value of the response surface 𝑞(𝜃; 𝐱 (𝑘) ) and the
measured response 𝑧 (𝑘) at the 𝑚 points of experiment
(𝑘)

(𝑘)

𝐱 (𝑘) = (𝑥1 , … , 𝑥𝑛 )′ ,

𝑘 = 1,2, … , 𝑚

becomes as small as possible. In other words, the sum of squares function

9/4/2017
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𝑚
2

𝑠(𝜃) = ∑(𝑧 (𝑘) − 𝑞(𝜃; 𝐱 (𝑘) ))
𝑘=1

has to be minimized. This corresponds to a minimization of the variance of the random error terms ɛ.
The minimizing choice of 𝜃 is called a least-squares estimate and is denoted by 𝜃^.

Figure 5: Response surface and data points

The above regression problem becomes more simple to deal with when the response surface model is
linear in its parameters 𝜃. Let us assume that the response surface is given by
𝜂 = 𝜃1 𝑞1 (𝐱) + 𝜃2 𝑞2 (𝐱) + ⋯ + 𝜃𝑝 𝑞𝑝 (𝐱)
The least squares estimate of the parameter vector is given by
𝜃^ = (𝐐′ 𝐐)−1 𝐐′ 𝐳
This estimator is unbiased, i.e.,
E[𝜃^] = 𝜃
with covariance
Cov[𝜃^] = 𝜎 2 (𝐐′ 𝐐)−1
Since a response surface is only an approximation of the functional relationship between the structural
response and the basic variables, it should be evident that, in general, there is always some lack of fit
present. Therefore, a crucial point when utilizing response surfaces for reliability assessment is to check
whether the achieved fit of the response surface model to the experimental data suffices or if the
response surface model has to be replaced by a more appropriate one. Therefore, different measures
have been proposed in the past for testing different aspects of response surface models. In the following
a short overview of the most common measures is given. The basic principle of these measures is to
analyze the variation of the response data in comparison to the variation which can be reproduced by
the chosen response surface model—that’s why this kind of response surface testing is also referred to
9/4/2017
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as analysis of variance. Further and more advanced measures or checking procedures can be found, e.g.,
in Box and Draper (1987),Khuri and Cornell (1996), Myers and Montgomery (2002), Böhm and BrücknerFoit (1992). A detailed discussion is given by C. Bucher and Macke (2005).
It should be pointed out that the estimated parameters 𝜃^ are least square estimates, i.e., there is a
certain likelihood that the true parameter 𝜃 has a different value than the estimated one. Therefore, it is
sometimes quite advisable to determine confidence intervals for the parameters. Joint confidence
regions for several regression coefficients are given, e.g., in Myers and Montgomery (2002).
Consequently, when utilizing response surfaces in reliability assessment, we should be aware that all
predictions—may it be the structural response for a certain design or a reliability measure—show
respective prediction intervals.

3.3 First- and second-order polynomials
As already mentioned above, response surfaces are designed such, that a complex functional relation
between the structural response and the basic variables is described by an appropriate, but—
preferably—as simple as possible mathematical model. The term ``simple" means in the context of
response surfaces, that the model should be continuous in the basic variables and should have a small
number of terms, whose coefficients can be easily estimated. Polynomial models of low-order fulfill such
demands. Therefore, in the area of reliability assessment the most common response surface models
are first- and second-order polynomials (cf. Rackwitz (1982), C. Bucher and Bourgund (1990), Kim and Na
(1997), Zheng and Das (2000)).
The general form of a first-order model of a response surface 𝜂, which is linear in its 𝑛 basic variables 𝑥𝑖 ,
is
𝑛

𝜂 = 𝜃0 + ∑ 𝜃𝑖 𝑥𝑖
𝑖=1

with 𝜃𝑖 (𝑖 = 0,1, … , 𝑛) as the unknown parameters to be estimated from the experimental data. The
parameter 𝜃0 is the value of the response surface at the origin or the center of the experimental design,
whereas the coefficients 𝜃𝑖 represent the gradients of the response surface in the direction of the
respective basic variables 𝑥𝑖 . As can be seen from the equation above the first-order model is not able to
represent even the simplest interaction between the input variables.
If it becomes evident that the experimental data cannot be represented by a model whose basic
variables do not have mutually independent effects, then the first-order model can be enriched with
(simple) interaction terms, such that
𝑛

𝑛−1

𝑛

𝜂 = 𝜃0 + ∑ 𝜃𝑖 𝑥𝑖 + ∑ ∑ 𝜃𝑖𝑗 𝑥𝑖 𝑥𝑗
𝑖=1

9/4/2017
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The total number of parameters to be estimated is given by 1 + 𝑛(𝑛 + 1)/2. In this response surface
model, there is some curvature present, but only from the twisting of the planes of the respective input
variables. If a substantial curvature is required as well, then the above model can be further enriched by
𝑛 quadratic terms to a complete second-order model of the form
𝑛

𝑛

𝑛

𝜂 = 𝜃0 + ∑ 𝜃𝑖 𝑥𝑖 + ∑ ∑ 𝜃𝑖𝑗 𝑥𝑖 𝑥𝑗
𝑖=1

𝑖=1 𝑗=𝑖

The total number of parameters to be estimated is, therewith, given by 1 + 𝑛 + 𝑛(𝑛 + 1)/2. In most
common cases either the first-order or the complete second-order model are utilized as response
surface functions.

3.4 Local interpolation models
Beside the above mentioned regression models, there are also interpolation models available for
describing response surfaces. A special type of such models are polyhedra, i.e., an assemblage of
continuous functions. The given rationale for utilizing such models is that they are more flexible to local
approximations and should, therefore, indeed converge in the long run to the exact limit state function
Guan and Melchers (1997), Roos, Bucher, and Bayer (2000). This flexibility is an important feature in
reliability assessment, where the estimated reliability measure depends quite considerably on a
sufficiently accurate representation of the true limit state function in the vicinity of the design point.
Therefore, these models utilize only points on the limit state surface 𝑔(𝐱) = 0, which separates the
failure domain from the safe domain.
A useful Shepard-type (Shepard, 1968) interpolation strategy for reliability problems with convex limit
state functions has been described by C. Bucher, Hintze, and Roos (2000). This involves an
approximation of the distance 𝑟 from the mean value to the limit state surface 𝑔(𝐱) = 0 in terms of the
distances 𝑅𝑖 (𝑖 = 1 … 𝑚) of given support points 𝐱𝑖 on the surface. It appears to be helpful to carry out
the interpolation in non-dimensional space (e.g. standard Gaussian space 𝐮) (cf. Fig. 4).
All Shepard type models allow, by including additional points on the limit state surface, an adaptive
refinement of the approximating response surface and, consequently, an improvement of the estimator
of the failure probability. However, this refinement is often seriously restricted by an excessive need for
additional points on the limit state surface.

3.5 Moving Least Squares Regression
Based on the Shepard scheme the Moving Least Squares (MLS) approach was introduced by Lancaster
and Salkauskas (1981). In the MLS method the constant basis, which is used in the Shepard scheme, can
be replaced by any polynomial or other basis function. By doing so this method obtains the best local fit
of the basis function for the actual interpolation point. Furthermore the MLS method can represent the
basis function exactly.
9/4/2017
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If we do polynomial interpolation an arbitrary function 𝑢 is interpolated at a point 𝐱 as
𝑎1
𝑢 (𝐱) = [1 𝑥 𝑦 𝑥 𝑥𝑦 𝑦 … ] [ : ] = 𝐩ʹ(𝐱)𝐚
𝑎𝑛
ℎ

2

2

where 𝐩(𝑥) is the base vector and 𝐚 contains the coefficients of the polynomial. These coefficients are
constant in the interpolation domain and can be determined directly if the number of supporting points
𝑚 used for the interpolation is equivalent to the number of coefficients 𝑛. Within the Moving Least
Squares method the number of supporting points 𝑚 exceeds the number of coefficients 𝑛, which leads
to an overdetermined system of equations. This kind of optimization problem can be solved by using a
least squares approach
𝐏𝐮 = 𝐏𝐏ʹ𝐚(𝐱)
with changing (“moving”) coefficients 𝐚(𝐱). In order to obtain a local regression model in the MLS
method distance depending weighting functions 𝑤 = 𝑤(𝑠) have been introduced, where 𝑠 is the
standardized distance between the interpolation point and the considered supporting point
𝑠𝑖 =

∥ 𝐱 − 𝐱𝑖 ∥
𝐷

and 𝐷 is the influence radius, which is defined as a numerical parameter. All types of functions can be
used as weighting function 𝑤(𝑠) which have their maximum in 𝑠 = 0 and vanish outside of the influence
domain specified by 𝑠 = 1.
The final approximation scheme reads
𝑢ℎ (𝐱)
= 𝛷𝑀𝐿𝑆 (𝐱)𝐮;
𝑀𝐿𝑆
𝛷
(𝐱) = 𝐩ʹ(𝐱)𝐀(𝐱)−1 𝐁(𝐱).
with
𝐀(𝐱) = 𝐏𝐖(𝐱)𝐏ʹ,
𝐁(𝐱) = 𝐏𝐖(𝐱),
Due to the approximative character of the classical MLS method the support point values cannot be
represented exactly, which is a positive aspect only if we have noisy input data. But for the application in
the framework of a reliability analysis this property may lead to significant errors in the prediction of the
failure probability. Therefore in Most and Bucher (2005) a new weighting function was presented which
enables the fulfillment of the MLS interpolation condition with very high accuracy
𝛷𝑖𝑀𝐿𝑆 (𝐱𝑗 ) ≈ 𝛿𝑖𝑗 .

9/4/2017
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The weighting function value of a node 𝑖 at an interpolation point 𝐱 is introduced by the following
regularized formulation
𝑤𝑅 (𝑠𝑖 ) =

𝑤
~𝑅 (𝑠𝑖 )
𝑚
∑𝑗=1 𝑤
~𝑅 (𝑠𝑗 )

with
𝑤
~𝑅 (𝑠) = (𝑠 2 + 𝜀)−2 ;

𝜀≪1

The regularization parameter 𝜀 has to be chosen small enough for high accuracy, but large enough to
obtain a regular, differentiable function at 𝑠 = 0 within machine precision. This approach allows a very
good representation of given support points which is crucial for the accuracy of reliability estimates.

3.6 Artificial Neural Networks
Recently, approximations based on the concept of artificial neural networks are being introduced into
reliability analysis (see, e.g., Gomes and Awruch (2004)). The basic network includes nodes and
connections which link the nodes. Each link is associated with a weight property which is the principal
mechanism how a network stores information. Before a neural network can approximate complex
coherences it has to be trained for the specific problem by adjusting these weights. The most widely
used network type for approximation problems is the multi-layer perceptron which is also called feedforward back-propagation network. This network type is used in this study and is shown in Fig. 6.

Figure 6: Neural network with feed-forward architecture and one hidden layer

The network consists of an input layer, several hidden layers and an output layer and all nodes which are
called neurons of one layer are connected with each neuron of the previous layer. This connection is
feed-forward and no backward connection is allowed as in recurrent networks. At the neuron level a
9/4/2017
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bias is added to the weighted sum of the inputs and the neuron transfer function is applied, which can
be of linear or nonlinear type. The output of a single neuron reads
𝑚
𝑗
𝑎𝑖

𝑗

𝑗

𝑗−1

= 𝑓𝑖 (𝑥) = 𝑓 (∑ 𝑤𝑘,𝑖 𝑎𝑘

𝑗

+ 𝑏𝑖 )

𝑘=1
𝑗

where 𝑚 is the number of input impulses, 𝑖 is the number of the current neuron in the layer 𝑗 and 𝑤𝑘,𝑖 is
the synaptic weight factor for the connection of the neuron 𝑖, 𝑗 with the neuron 𝑘, 𝑗 − 1. For the
approximation of functions with minor discontinuities generally a combination of layers with sigmoid
transfer functions 𝑓(𝑥) = 1/(1 + 𝑒 −𝑥 ) and a linear output layer with 𝑓(𝑥) = 𝑥 are used. Other transfer
types are for example hard limit and sign function, which can represent strong discontinuities.
A very important point for a sufficient network approximation is the design of the network architecture.
Depending on the number of available training samples the number of neurons in the hidden layers has
to be chosen in that way, that the so-called over-fitting is avoided. This phenomenon occurs, if the
number of hidden nodes is too large for the number of training samples. Then the network can converge
easier and fits well for the training data but it cannot generalize well for other data. In Hagan, Demuth,
and Beale (1996) it is mentioned that the number of training samples 𝑚 should be larger than the
number of adjustable parameters
(𝑛 + 2)𝑀 + 1 < 𝑚
where 𝑛 is the number of input values and 𝑀 is the number of hidden neurons for a network with single
hidden layer.

4 Representation of random fields
A random field 𝐻(𝐱) is a real-valued random variable whose statistics (mean value, standard deviation,
etc.) may be different for each value of 𝐱, i.e.
𝐻(𝐱) ⊂∈ ℝ
𝐻 ∈ ℝ;

𝐱 = [𝑥1 , 𝑥2 , … 𝑥𝑛 ]𝑇 ∈ 𝒟 ⊂ ℝ𝑛

The mean value function is defined as
𝐻(𝐱) = 𝖤[𝐻(𝐱)]
In which the expectation operator 𝖤 is to be taken at a fixed location 𝐱 across the ensemble, i.e., over all
possible realizations 𝐻(𝐱, 𝜔) of the random field.
The spatial correlation, i.e. the fact that we observe a specific dependency structure of random field
values 𝐻(𝐱) and 𝐻(𝐲) taken at different locations 𝐱 and 𝐲 is described by the auto-covariance function
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𝐶𝐻𝐻 (𝐱, 𝐲) = 𝖤[{𝐻(𝐱) − 𝐻(𝐱)}{𝐻(𝐲) − 𝐻(𝐲)}]
With respect to the form of the auto-covariance function we can classify the random fields. A random
field 𝐻(𝐱) is called weakly homogeneous if
𝐻(𝐱) = const.

∀𝐱 ∈ 𝒟;

𝐶𝐻𝐻 (𝐱, 𝐱 + 𝜉) = 𝐶𝐻𝐻 (𝜉) ∀𝐱 ∈ 𝒟

This property is equivalent to the stationarity of a random process. If the covariance function depends
on the magnitude of the distance only (not on the direction):
𝐶𝐻𝐻 (𝐱, 𝐱 + 𝜉) = 𝐶𝐻𝐻 (∥ 𝜉 ∥) ∀𝐱 ∈ 𝒟
then a homogeneous random field 𝐻(𝐱) is called isotropic.
A set of typical sample functions of a synthetic random field with approximately 4000 different values is
shown in Fig. [field1]. The field is shown over a triangular finite Element mesh. Notice that the values of
the field in neighboring elements are very close to each other. This is a consequence of the spatial
correlation structure. Also, picking small areas out of the entire mesh will lead to almost homogeneous
subregions.

Figure 7: Sample functions of a two-dimensional random field

For numerical computations it is useful to represent a continuous random field 𝐻(𝐱) in terms of discrete
random variables 𝑐𝑘 ; 𝑘 = 1 … ∞ (Ghanem and Spanos (1991), Brenner and Bucher (1995))
∞

𝐱 ∈ 𝒟 ⊂ ℝ𝑛 ; 𝑐𝑘 , 𝜙𝑘 ∈ ℝ

𝐻(𝐱) = ∑ 𝑐𝑘 𝜙𝑘 (𝐱),
𝑘=1

The functions 𝜙𝑘 (𝐱) are deterministic spatial shape functions which are usually chosen to represent an
orthonormal basis on 𝒟. The random coefficients 𝑐𝑘 can be made uncorrelated, which is an extension of
orthogonality into the random variable case. This representation is usually called Karhunen-Loéve
expansion. It is based on the following decomposition of the covariance function
∞

𝐶𝐻𝐻 (𝐱, 𝐲) = ∑ 𝜆𝑘 𝜙𝑘 (𝐱)𝜙𝑘 (𝐲)
𝑘=1
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in which 𝜆𝑘 and 𝜙𝑘 (𝐱) are the eigenvalues and eigenfunctions respectively. These are solutions to the
integral equation
∫ 𝒟𝐶𝐻𝐻 (𝐱, 𝐲)𝜙𝑘 (𝐱)d𝐱 = 𝜆𝑘 𝜙𝑘 (𝐲)
Mathematically, this is a Fredholm integral equation of the second kind. In most Finite-Element
applications the random field 𝐻(𝐱) is discretized right from the start as
𝐻𝑖 = 𝐻(𝐱𝑖 );

𝑖 = 1…𝑁

A spectral representation for the discretized random field is then obtained by
𝑁

𝑁

𝐻𝑖 = ∑ 𝜙𝑘 (𝐱𝑖 )𝑐𝑘 = ∑ 𝜙𝑖𝑘 𝑐𝑘
𝑘=1

𝑘=1

Obviously, this is just a matrix-vector multiplication
𝐇 = 𝛷𝐜
The orthogonality condition for the columns of 𝛷 becomes
𝛷𝑇 𝛷 = 𝐈
and the covariance matrix of the components of the coefficient vector 𝐜 is a diagonal matrix
𝐂𝑐𝑐 = diag(𝜎𝑐2𝑘 )
Both conditions can be met if the columns 𝜙𝑘 of the matrix 𝛷 solve the following eigenvalue problem
𝐂𝐻𝐻 𝜙𝑘 = 𝜎𝑐2𝑘 𝜙𝑘 ;

𝑘 = 1…𝑁

Some selected basic shapes 𝜙𝑘 related to the samples previously shown are shown in Fig. 8. Notice that
the basic shapes for very regular patterns.

Figure 8: Basic scatter shapes of two-dimensional random field
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The apparently quite diverse samples shown in Fig. 7 were generated using a linear superposition of 30
basic shapes 𝜙𝑘 with randomly generated coefficients 𝑐𝑘 . These coefficients have zero mean and a
standard deviation of 𝜎𝑐𝑘 . If the coefficients are normally distributed, then the generated random field
will also have a Gaussian distribution. If the field has a different type of distribution, then a memoryless
nonlinear transformation can be applied to the generated sample function such that the desired
distribution is obtained.
The same concept can be applied to three-dimensional random fields. A random sample of such a field is
shown in Fig. 9.

Figure 9: sample function of three-dimensional random field

In practical applications it is important to obtain knowledge about the correlation structure. In this
context, the most significant parameter is the correlation length 𝐿𝑐 . This is a characteristic length that
roughly defines the size of a subregion in which the properties can be assumed to be homogeneous. The
correlation length may depend on direction so that the random field is non-isotropic. An estimate for
the correlation length can be obtained by applying statistical methods to observed data of the material
or geometrical property under consideration.
The next quantity of interest is the type of probability distribution of the material/geometrical
parameters. Again, statistical methods can be applied to infer distribution information from observed
measurements.
Finally, for fine-tuning the model it may be helpful to identify the exact type of correlation (or
covariance) function, and to check for homogeneity. This will be feasible only if a fairly large set of
experimental data is available.
Although the random field itself is well represented in terms of the Karhunen-Loève expansion, the
number of terms required (and thus the number of independent random coefficients) may be
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prohibitively large for a full probabilistic analysis. Depending on the kind of analysis carried out
(structural, thermal, etc.) different basis shapes of the spatial variability may be important. If some
shapes are irrelevant in a particular context, the corresponding random coefficients may safely be
omitted from the probabilistic analysis. In this way, the computational effort may be decreased. The
amount of gain depends on the particular method being applied.
This implies that the treatment of random fields required a preliminary sensitivity analysis to identify the
relative importance of the basic shapes 𝜙𝑘 and the respective random coefficients 𝑐𝑘 .
Based upon the reduced set of random variables, the full probabilistic analysis (e.g. reliability analysis)
can be carried out. Modifications of the design, and particularly of the processes associated with the
design, may lead to substantial changes in the spatial variability patterns. In this case, the random field
models need to be updated as the design process continues.

5 Sensitivity Analysis
Possible failures are typically characterized by their occurrence probability. For properly designed
components or systems this failure probability is small compared to 1. This fact leads to computational
problems when attempting to determine the failure probability by numerical methods. Since
computational methods tend to more efficient as the number of random variables involved is reduced,
one of the first steps in probabilistic analysis is the identification of the most relevant influences in terms
of a probabilistic sensitivity analysis. Such a sensitivity measure would have to focus on answering the
question how much the random variability of a relevant performance measure, say 𝑌 is affected by the
individual variables 𝑋𝑖 . One simple example of such a measure is the coefficient of correlation 𝜌𝑌𝑋𝑖
between 𝑌 and 𝑋𝑖 . Absolute values of the correlation close to 1 indicate almost perfect linear
dependence, and values close to 0 indicate no linear contribution. Unfortunately, this simple approach
cannot detect significantly nonlinear dependencies. For this purpose, more advance regression models
describing the input-output relations must be established and statistically analyzed. For practical
reasons, this is typically limited to quadratic functions or functions with similarly low complexity. A
rather straightforward approach for ranking variables with respect to their importance in such a
regression model is to utilize the (adjusted) coefficient of determination, or even better, the coefficient
of prognosis. This is done by computing the coefficient of prognosis 𝐶𝑜𝑃 for the full model and compare
it to the corresponding value 𝐶𝑜𝑃𝑖 , which we obtain when when one variable 𝑋𝑖 is removed from the
regression one at a time. This removal will result in a drop 𝛥𝐶𝑜𝑃𝑖 whose magnitude is a measure for the
relative importance of the variable 𝑋𝑖 . Since the sensitivity analysis obviously needs to include all
variables it it of utmost importance that the number of samples should be kept as small as possible to
remain efficient. It can be shown that the statistical significance of the sensitivity measures as outlined
above can be improved by the choice of a suitable sampling scheme. Such schemes differ from plain
Monte Carlo methods by design. A typical method is Latin Hypercube sampling which can be tuned such
that the range of the random variables is covered optimally while at the same time reducing unwanted
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correlations which naturally arise at small sample sizes. Another class of methods is given by quasiMonte Carlo methods which attempt to construct sequences of numbers successively filling highdimensional spaces.

6 Application to Current/Voltage characteristics of SOFC single cell
In order to demonstrate the sensitivity analysis, consider the electro-chemical model as developed in A.
Leonide, Apela, and Ivers-Tiffée (2009), A. Leonide (2010),A. Leonide et al. (2011). This model describes
the current/voltage characteristics for SOFC single cell. Based on the parameter sets as given in A.
Leonide et al. (2011), the output voltage as a function of temperature and current density is shown in
Fig. 10.

Figure 10: Output voltage depending on temperature and current density

In this figure, the partial pressure of CO was set to 0.4.
Table 1: Nominal values of model parameters for sensitivity analysis

Temperature 𝑇 Current density 𝑗 Partial pressure of CO
800
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For the sensitivity analysis it was assumed that the temperature, the current density, and the partial
pressure of CO vary around their nominal values with a coefficient of variation COV. Two numerical
values for the COV were considered, namely 0.02 and 0.05. In both cases, the most important variable
was identified by observing the coefficient of prognosis (CoP).
The computation of the CoP was based on a quadratic regression model as discussed above using 10.000
sample points. 2/3 of the samples were utilised to establish the regression mode, 1/3 was used for
cross-validation (i.e. to compute the coefficient of prognosis). It is important to note that for both values
of the COV, the quadratic approximation has an excellent prognosis capability (the CoP values are very
close to 1).
It turned out that the temperature has a substantially larger importance than current density or partial
pressure of CO. This can be seen from Figs. 11 and 12. When omitting 𝑇, the CoP drops from close to 1
to a very small value close to 0. This is a very clear indicator that 𝑇 dominates the output voltage in the
range of variables as considered. The current density 𝑗 is the next important variable, but its relevance is
far below 𝑇. The results are summarized in Table 2. In this table, the importance measures 𝑊𝑖 for
variable 𝑋𝑖 are computed as
𝑊𝑖 =

𝐶𝑜𝑃 − 𝐶𝑜𝑃𝑖
𝐶𝑜𝑃

in which 𝐶𝑜𝑃 is the coefficient of prognosis using all variables, and 𝐶𝑜𝑃𝑖 is the coefficient of prognosis
when removing variable 𝑋𝑖 from the regression. Note that the sum of all 𝑊𝑖 does not necessarily have to
be 1. The numerical values are also shown in Fig. 13.
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Figure 11: Regression model for output voltage, COV = 0.02, CoP values with different input variables omitted from
regression

9/4/2017

Page 21 of 25

Technical report on methodology of probabilistic design approach and random field
models for materials and loads

Figure 12: Regression model for output voltage, COV = 0.05, CoP values with different input variables omitted from
regression
Table 2: Relative importance of model parameters from sensitivity analysis

Temperature 𝑇 Current density 𝑗 Partial pressure of CO
COV=0.02

0.88

0.10

0.02

COV=0.05

0.92

0.07

0.01
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Figure 13: Relative importance for input variables to current/voltage model

It should be noted that the order of relevance may change if the nominal values (i.e. the central points
of the variation) is changed. Therefore, the sensitivity analysis may have to be repeated if substantial
changes in the design are done.
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